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Compact Complex Manifolds with Small
Gauduchon Cone
Dan Popovici and Luis Ugarte
Abstract. This paper is intended as the first step of a programme aiming to prove
in the long run the long-conjectured closedness under holomorphic deformations
of compact complex manifolds that are bimeromorphically equivalent to compact
Ka¨hler manifolds, known as Fujiki class C manifolds. Our main idea is to explore
the link between the class C property and the closed positive currents of bidegree
(1, 1) that the manifold supports, a fact leading to the study of semi-continuity
properties under deformations of the complex structure of the dual cones of co-
homology classes of such currents and of Gauduchon metrics. Our main finding
is a new class of compact complex, possibly non-Ka¨hler, manifolds defined by the
condition that every Gauduchon metric be strongly Gauduchon (sG), or equiva-
lently that the Gauduchon cone be small in a certain sense. We term them sGG
manifolds and find numerical characterisations of them in terms of certain re-
lations between various cohomology theories (De Rham, Dolbeault, Bott-Chern,
Aeppli). We also produce several concrete examples of nilmanifolds demonstra-
ting the differences between the sGG class and well-established classes of complex
manifolds. We conclude that sGG manifolds enjoy good stability properties under
deformations and modifications.
Mathematics subject classification (2010) : 32G05, 53C55, 14C30, 14F40.
1 Introduction
Fujiki class Cmanifolds provide a key link between Ka¨hler and non-Ka¨hler
geometries that justifies the central role they play in the classification theory
of compact complex manifolds. They are defined (cf. [Fuj78], [Var86]) by
the condition that for any such compact complex manifold X there exist a
holomorphic bimeromorphic map (= a modification) µ : X˜ −→ X from a
compact Ka¨hler manifold X˜. Deep insights into the classification theory are
often provided by the theory of deformations of complex structures.
It has long been conjectured that the deformation limit of any holomor-
phic family of class C manifolds ought to be a class C manifold.
Conjecture 1.1 Let π : X → ∆ be a proper holomorphic submersion bet-
ween a complex manifold X and an open disc ∆ ⊂ C containing the origin.
Suppose that the fibre Xt := π
−1(t) is a class C manifold for every t ∈ ∆\{0}.
Then the remaining (limit) fibre X0 := π
−1(0) is again a class C manifold.
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A two-step strategy for tackling this conjecture was briefly outlined in
[Pop13b]:
Step 1: prove that a compact complex manifold X belongs to the class C
if and only if there are “many” closed positive (1, 1)-currents on X.
Step 2: prove that there can only be “more” closed positive (1, 1)-currents
on X0 than on the generic fibre Xt.
We now make the meaning of these goals explicit. Our approach relies on
the interaction between two points of view: cohomology and positivity.
Reminder of a few definitions
Throughout the paper, X will stand for a possibly non-Ka¨hler compact
complex manifold of complex dimension n.
The following two cohomologies are especially relevant in the possibly
non-Ka¨hler context. For p, q = 0, . . . , n, the Bott-Chern, resp. Aeppli co-
homology groups of bidegree (p, q) are defined as
Hp, qBC(X, C) =
ker ∂ ∩ ker ∂¯
Im ∂∂¯
, Hp, qA (X, C) =
ker ∂∂¯
Im ∂ + Im ∂¯
,
where all the vector spaces involved are subspaces of the space C∞p, q(X, C) of
smooth (p, q)-forms on X . Both of these types of cohomology groups, much
like all the other familiar cohomologies, can be computed using either smooth
forms or currents.
On the positivity side, since divisors may not exist on non-Ka¨hler mani-
folds, one turns to their transcendental analogues that are provided by closed
currents of bidegree (1, 1). One of our main tools will be the by now classical
pseudo-effective cone of a compact complex manifold X (cf. [Dem92]):
EX := {[T ]BC ∈ H
1, 1
BC(X, R) | T is a closed positive (1, 1)−current on X}.
This is a closed convex cone in H1, 1BC(X, R).
On the other hand, since we do not assume the existence of Ka¨hler metrics
on the manifolds that we shall study below, Gauduchon metrics will play a
key role. Recall that a C∞ positive definite (1, 1)-form ω > 0 on an n-
dimensional X is said to be aGauduchon metric ([Gau77a]) if ∂∂¯ωn−1 = 0,
while ω is a strongly Gauduchon (sG) metric ([Pop13a]) if ∂ωn−1 ∈ Im ∂¯.
The main virtue of Gauduchon metrics is that they always exist ([Gau77a]),
providing a useful substitute for Ka¨hler metrics when the latter do not exist.
Another key tool in this paper will be the Gauduchon cone of X (cf.
[Pop13b]) :
GX := {[ω
n−1]A ∈ H
n−1, n−1
A (X, R) | ω is a Gauduchon metric on X}.
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This is an open convex cone in Hn−1, n−1A (X, R). Also recall that the sG cone
was defined in [Pop13b, section §.5] as
SGX = GX ∩ ker T ⊂ GX ⊂ H
n−1, n−1
A (X, R),
i.e. the intersection of the Gauduchon cone with the kernel of the following
canonical linear map
T : Hn−1, n−1A (X, C) −→ H
n,n−1
∂¯
(X, C), T ([Ω]A) := [∂Ω]∂¯ , (1)
for any [Ω]A ∈ H
n−1, n−1
A (X, C). The map T is well defined (i.e. independent
of the choice of representative of the Aeppli class [Ω]A) and shows that the
sG property is cohomological: either all the Gauduchon metrics ω for which
ωn−1 belongs to a given Aeppli-Gauduchon class [ωn−1]A ∈ GX are strongly
Gauduchon (in which case we say that [ωn−1]A is an sG class), or none of
them is. In other words, the sG cone SGX is the set of all sG classes on X .
It is empty if X does not support any sG metric.
Moreover, under the duality (see e.g. [Sch07] or [Pop13b])
H1, 1BC(X, C)×H
n−1, n−1
A (X, C) −→ C, ([α]BC , [β]A) 7→
∫
X
α ∧ β, (2)
the pseudo-effective cone EX ⊂ H
1, 1
BC(X, R) is dual to the closure of the
Gauduchon cone GX ⊂ H
n−1, n−1
A (X, R) of X thanks to Lamari’s duality
lemma (cf. [Lam99, Lemme 3.3]).
Back to the two-step approach to Conjecture 1.1
Step 1 would be the transcendental analogue of the following well-known
fact : a compact complex manifold X is Moishezon (= bimeromorphically
equivalent to a projective manifold) if and only if there are “many” divisors
on X (in the sense that the algebraic dimension of X is maximal, i.e. equal
to the dimension of X as a complex manifold).
The meaning of “many” in connection with closed positive (1, 1)-currents
has yet to be probed, but we suspect that it will mean that the pseudo-
effective cone EX of X is “maximal” at least in the following sense:
(i) E˚X 6= ∅ and (ii) SGX = GX , (⋆)
where˚stands for “interior”, while SGX and GX are respectively the sG cone
and the Gauduchon cone of X . Property (i) uses the non-emptiness of the
interior as a way of requiring EX to be fairly large, while property (ii) requires
GX to be fairly small, hence by duality EX to be again fairly large by a
different criterion.
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Each of the two properties in (⋆) is necessary for X to be of class C 1, but
none of them is sufficient on its own (see section 4 for examples of manifolds
not in the class C whose pseudo-effective cone has non-empty interior). Ho-
wever, together they may become sufficient, or should condition (⋆) turn out
to be insufficient for X to be in the class C, it will have to be reinforced.
Step 2 means that the pseudo-effective cone EXt can only increase in
the limit as t → 0 (i.e. it behaves upper-semicontinuously under deforma-
tions of the complex structure of Xt), while its dual, the (closure of the)
Gauduchon cone GXt , can only decrease in the limit (i.e. it behaves lower-
semicontinuously).
In this paper, we begin the implementation of this two-step strategy by
studying the manifolds defined by property (ii) in (⋆) and by giving a com-
plete affirmative answer to the problem raised at Step 2 of this line of argu-
ment for deformations of such manifolds.
Definitions introduced and results obtained in this paper
(1) In line with the goals in the first step of the approach to Conjecture
1.1 outlined above, we set out to investigate the following class of compact
complex manifolds introduced in [Pop13b] for which we now propose the
following terminology.
Definition 1.2 Let X be a compact complex manifold, dimCX = n. We
say that X is an sGG manifold if the sG cone of X coincides with the
Gauduchon cone of X, i.e. if SGX = GX .
Since the kernel of the linear map T defined in (1) is a vector subspace
of Hn−1, n−1A (X, C), its intersection with the open convex Gauduchon cone
leaves the latter unchanged if and only if ker T = Hn−1, n−1A (X, C), i.e. if and
only if T vanishes identically. We obtain equivalent descriptions of the sGG
property summed up as follows (cf. [Pop13b, section §.5] for (i)− (iii)).
Lemma 1.3 The following statements are equivalent:
(i) X is an sGG manifold;
(ii) the map T vanishes identically;
(iii) the following special case of the ∂∂¯-lemma holds : for every d-closed
(n, n− 1)-form Γ on X, if Γ is ∂-exact, then Γ is also ∂¯-exact;
(iv) every Gauduchon metric ω on X is strongly Gauduchon.
1. The interior of the pseudo-effective cone EX contains the big cone of cohomology
classes of Ka¨hler currents (cf. e.g. [BDPP, §.3]), while the latter is non-empty (and equals
E˚X) on class Cmanifolds by [DP04, Theorem 3.4]. Meanwhile, any class Cmanifold satisfies
the ∂∂¯-lemma by [AB95], which, in turn, implies (ii) in (⋆) by Lemma 1.3.
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Recall that a compact complex manifold X is said to be a ∂∂¯-manifold
if for every bidegree (p, q) and every smooth d-closed (p, q)-form u on X ,
the ∂-exactness, the ∂¯-exactness, the d-exactness and the ∂∂¯-exactness of u
are pairwise equivalent. The ∂∂¯-property is equivalent to all the canonical
morphisms Hp, qBC(X, C) → H
p, q
A (X, C) being isomorphisms and implies the
Hodge decomposition and the Hodge symmetry, as well as the degeneration
at E1 of the Fro¨licher spectral sequence of X . On the other hand, every class
C manifold is a ∂∂¯-manifold, but there exist ∂∂¯-manifolds that are not of
class C. (See e.g. [Pop14] for a review of these matters.) Lemma 1.3 shows,
in particular, that every ∂∂¯-manifold is sGG. We shall see below (cf. e.g.
Corollary 1.5) that the converse fails, so the sGG class strictly contains the
∂∂¯ class.
We start by giving two more characterisations of sGG manifolds. The
first one is a numerical characterisation in terms of the Bott-Chern number
h0, 1BC := dimCH
0, 1
BC(X, C) and the Hodge number h
0, 1
∂¯
:= dimCH
0, 1
∂¯
(X, C).
Theorem 1.4 On any compact complex manifold X we have h0, 1BC ≤ h
0, 1
∂¯
.
Moreover, X is an sGG manifold if and only if h0, 1BC = h
0, 1
∂¯
.
An immediate consequence is the following
Corollary 1.5 The Iwasawa manifold and all its small deformations in its
Kuranishi family are sGG manifolds (but, of course, not ∂∂¯-manifolds).
Recall that the Iwasawa manifold is the nilmanifold of complex dimension
3 obtained as the quotient of the Heisenberg group of 3× 3 upper triangular
matrices with entries in C by the subgroup of those matrices with entries in
Z[i]. Historically, it was the first compact complex manifold to be discovered
whose Fro¨licher spectral sequence does not degenerate at E1. In particular,
it is not a ∂∂¯-manifold. Thanks to Corollary 1.5, the Iwasawa manifold is
our main example of sGG manifold that is not ∂∂¯. Its Kuranishi family was
explicitly computed by Nakamura in [Nak75].
Our second numerical characterisation of sGG manifolds is in terms of
the first Betti number b1 := dimCH
1
DR(X, C) and the Hodge number h
0, 1
∂¯
.
Theorem 1.6 On any compact complex manifold X we have b1 ≤ 2h
0, 1
∂¯
.
Moreover, X is an sGG manifold if and only if b1 = 2h
0, 1
∂¯
.
This makes sGG manifolds reminiscent of compact Ka¨hler surfaces: recall
that a compact complex surface is Ka¨hler if and only if b1 is even (cf. Kodai-
ra’s classification of surfaces, [Miy74] and [Siu83], or [Buc99] and [Lam99] for
a direct proof). In dimension 2, the Ka¨hler and sGG conditions are clearly
equivalent, but in dimension ≥ 3 the sGG property is tremendously weaker
than the Ka¨hler one.
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We infer from Theorem 1.6 that the sGG property of compact complex
manifolds is open under holomorphic deformations (Xt)t∈∆. We denote by
hp, q
∂¯
(t), resp. hp, qBC(t), the Hodge number, resp. Bott-Chern number, of bide-
gree (p, q) of the fibre Xt for any t.
Corollary 1.7 Let (Xt)t∈∆ be any holomorphic family of compact complex
manifolds. Fix an arbitrary t0 ∈ ∆. If Xt0 is an sGG manifold, then:
(i) Xt is an sGG manifold for all t ∈ ∆ close enough to t0;
(ii) h0, 1
∂¯
(t) = h0, 1
∂¯
(t0) and h
0, 1
BC(t) = h
0, 1
BC(t0) for all t ∈ ∆ close enough to t0.
Unfortunately, the sGG property is not deformation closed (cf. Propo-
sition 7.2). However, another positive consequence of Theorem 1.6 is the
invariance of the sGG property under modifications.
Corollary 1.8 Let µ : X˜ → X be a holomorphic bimeromorphic map bet-
ween compact complex manifolds X˜ and X. The following equivalence holds:
X˜ is an sGG manifold ⇐⇒ X is an sGG manifold.
We would like to stress that although the sGG property of compact com-
plex manifolds is a natural reinforcement (hopefully with multiple ramifica-
tions) of the strongly Gauduchon (sG) property, different reinforcements are
possible. One of them is the following.
We say that a Hermitian metric ω on a complex manifold X of dimension
n is superstrong Gauduchon 2 (super sG) if ∂ωn−1 is ∂∂¯-exact, while X
is said to be a superstrong Gauduchon manifold (super sG manifold)
if it supports such a metric.
Any superstrong Gauduchon metric is trivially strongly Gauduchon and
the two notions are equivalent if X satisfies the ∂∂¯-lemma. It is also clear
that any balanced metric ω (i.e. any C∞ positive definite (1, 1)-form ω such
that ωn−1 is d-closed, cf. [Gau77b] or [Mic83]) is superstrong Gauduchon.
We sum up below the implication relations among these classes of compact
complex manifolds X .
X balanced manifold =⇒ X super sG manifold
=⇒ =⇒
(⋆⋆)
X ∂∂¯-manifold =⇒ X sGG manifold =⇒ X sG manifold
It will be proved in section 6 that both implications on the last line in diagram
(⋆⋆) are strict, while the sGG and the super sG classes are unrelated (cf.
2. This term was coined by M. Verbitsky in a private communication with one of the
authors who was simultaneously contemplating the same notion.
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Proposition 6.4) and so are the balanced and the sGG classes (cf. Proposition
6.3). Thus, the class of sGG manifolds investigated in this work is new.
(2) In connection with the second step of the approach to Conjecture 1.1
outlined above, we prove in section 5 the following semi-continuity properties
of the pseudo-effective and Gauduchon cones in families of sGG manifolds.
Theorem 1.9 Let (Xt)t∈∆ be any holomorphic family of sGG compact com-
plex manifolds. Then GXt behaves lower-semicontinuously, while EXt behaves
upper-semicontinuously w.r.t. the usual topology of ∆ as t ∈ ∆ varies.
More precise statements will be given in Theorems 5.7 and 5.9. The main
tool that we introduce in §.5.1 to prove Theorem 1.9 in §.5.2 is a pair of linear
maps (P, Qω) that we term fake Hodge-Aeppli decomposition of H
2n−2
DR (X, R)
when X is a compact sGG manifold of complex dimension n:
P : H2n−2DR (X, R)։ H
n−1, n−1
A (X, R)
is a canonical surjection mimicking the projection onto Hn−1, n−1A (X, R),
while with any Hermitian metric ω on X we associate a natural injection
Qω : H
n−1, n−1
A (X, R) →֒ H
2n−2
DR (X, R)
such that P ◦Qω is the identity map of H
n−1, n−1
A (X, R).
Notation.On a given compact complex manifoldX of dimension n, for every
p, q = 0, 1, . . . , n we let C∞p, q(X, C) stand for the space of C
∞ forms of bide-
gree (p, q), while [ ]BC , [ ]A, [ ]∂¯ and { }DR will stand for Bott-Chern, Aeppli,
Dolbeault and resp. De Rham cohomology classes. If a Hermitian metric ω
has been fixed onX , we denote by ∆A := ∂∂
⋆+∂¯∂¯⋆+(∂∂¯)⋆(∂∂¯)+(∂∂¯)(∂∂¯)⋆+
(∂∂¯⋆)(∂∂¯⋆)⋆ + (∂∂¯⋆)⋆(∂∂¯⋆) the associated Aeppli Laplacian (which is a self-
adjoint, elliptic operator of order 4 introduced by Schweitzer in [Sch07] by
analogy with the Bott-Chern Laplacian of Kodaira and Spencer) in which
all the adjoints are computed w.r.t. the L2 scalar product defined by ω on
the space C∞p, q(X, C) of C-valued smooth (p, q)-forms on X . Thus ∆A :
C∞p, q(X, C)→ C
∞
p, q(X, C) and the Hodge isomorphism H
p, q
A (X, C) ≃ ker∆A
holds, so every Aeppli cohomology class contains a unique ∆A-harmonic re-
presentative. (See e.g. [Pop13b, §.2] for a review of these matters and further
details.) On the other hand, ∆′′ : C∞p, q(X, C) → C
∞
p, q(X, C) will denote the
∂¯-Laplacian ∆′′ = ∂¯∂¯⋆ + ∂¯⋆∂¯.
Acknowledgments. The authors are grateful to the referees for useful sug-
gestions that contributed to the improvement of the presentation.
2 Bott-Chern and Hodge numbers h0, 1BC, h
0, 1
∂¯
In this section we prove a more precise version of Theorem 1.4.
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Theorem 2.1 Let X be any compact complex manifold, dimCX = n.
(i) There is a well-defined canonical C-linear map
S : Hn,n−1
∂¯
(X, C) −→ Hn,n−1A (X, C), S([Γ]∂¯) := [Γ]A.
Moreover, the map S is surjective, and we have an exact sequence
Hn−1, n−1A (X, C)
T
−→ Hn, n−1
∂¯
(X, C)
S
−→ Hn, n−1A (X, C) −→ 0,
i.e. ImT = ker S, where T is the map defined in (1). In particular, X is an
sGG manifold if and only if S is injective (i.e. if and only if S is bijective).
(ii) There are well-defined canonical C-linear maps and an exact sequence
0 −→ H0, 1BC(X, C)
S⋆
−→ H0, 1
∂¯
(X, C)
T ⋆
−→ H1, 1BC(X, C)
defined by S⋆([u]BC) := [u]∂¯ for any d-closed (0, 1)-form u and T
⋆([v]∂¯) :=
[∂v]BC for any ∂¯-closed (0, 1)-form v. Thus ImS
⋆ = ker T ⋆.
Moreover, the maps S⋆ and T ⋆ are dual to S and respectively T . Thus S⋆
is injective, hence h0, 1BC ≤ h
0, 1
∂¯
.
(iii) It follows that X is an sGG manifold if and only if S⋆ is surjective (i.e.
if and only if S⋆ is bijective) if and only if h0, 1BC = h
0, 1
∂¯
.
Proof. By S being well defined, we mean that S([Γ]∂¯) (i.e. [Γ]A) is meaningful
and does not depend on the choice of representative Γ of the class [Γ]∂¯. The
immediate verification of this fact is left to the reader.
It is clear that ImT ⊂ ker S since Im ∂ ⊂ Im ∂ + Im ∂¯. To show the
reverse inclusion, let [Γ]∂¯ ∈ H
n,n−1
∂¯
(X, C) such that S([Γ]∂¯) = 0. Then there
are forms Ω,Λ of respective bidegrees (n − 1, n − 1) and (n, n − 2) such
that Γ = ∂Ω + ∂¯Λ, i.e. Γ − ∂¯Λ = ∂Ω. Hence ∂∂¯Ω = 0, [Γ]∂¯ = [Γ − ∂¯Λ]∂¯
and T ([Ω]A) = [∂Ω]∂¯ = [Γ]∂¯. Thus [Γ]∂¯ ∈ ImT . This proves the identity
ImT = kerS.
The surjectivity of S will follow from the injectivity of its dual map S⋆
that will be proved below.
The well-definedness of S⋆ and T ⋆ are proved in a similar way. The iden-
tity ImS⋆ = ker T ⋆ follows by duality from ImT = ker S or directly in
the following way. Let [u]BC ∈ H
0, 1
BC(X, C), i.e. u is a d-closed (0, 1)-form.
Then ∂u = 0 and ∂¯u = 0, hence T ⋆(S⋆[u]BC) = T
⋆([u]∂¯) = [∂u]BC = 0.
Thus ImS⋆ ⊂ ker T ⋆. To show the reverse inclusion, let [v]∂¯ ∈ ker T
⋆, i.e.
v is a ∂¯-closed (0, 1)-form such that ∂v = ∂∂¯f for some function f . Then
∂(v − ∂¯f) = 0, hence d(v − ∂¯f) = 0 and [v]∂¯ = [v − ∂¯f ]∂¯ = S
⋆([v − ∂¯f ]BC),
so [v]∂¯ ∈ ImS
⋆.
Let us now show that S⋆ is injective. Let [u]BC ∈ ker S
⋆, i.e. u is a d-closed
(0, 1)-form such that u = ∂¯f for some function f . Since du = 0, we also have
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∂u = 0, hence ∂∂¯f = 0 on X . Because X is compact, the function f must
be constant, hence u = ∂¯f = 0. In particular, [u]BC = 0.
Let us now check that the maps T and T ⋆ are dual to each other under
the duality (2) and under the Serre duality
H0, 1
∂¯
(X, C)×Hn, n−1
∂¯
(X, C) −→ C, ([v]∂¯, [Γ]∂¯) 7→
∫
X
v ∧ Γ,
the latter being defined for every ∂¯-closed forms v and Γ of respective bide-
grees (0, 1) and (n, n−1). We have to check that for every [v]∂¯ ∈ H
0, 1
∂¯
(X, C) ≃
(Hn, n−1
∂¯
(X, C))⋆, if we denote by
σv : H
n, n−1
∂¯
(X, C) −→ C
the linear map induced by [v]∂¯ under duality, then the linear map
τ∂v : H
n−1, n−1
A (X, C) −→ C
induced by T ⋆([v]∂¯) = [∂v]BC ∈ H
1, 1
BC(X, C) ≃ (H
n−1, n−1
A (X, C))
⋆ under
duality is σv◦T . This is indeed the case since, for every [Ω]A ∈ H
n−1, n−1
A (X, C),
we have
(σv ◦ T )([Ω]A) = σv([∂Ω]∂¯) =
∫
X
v ∧ ∂Ω =
∫
X
∂v ∧ Ω = τ∂v([Ω]A),
having used the Stokes formula
∫
X
∂(v∧Ω) = 0 and ∂(v∧Ω) = ∂v∧Ω−v∧∂Ω.
We can now check the equivalence:
T vanishes identically ⇐⇒ T ⋆ vanishes identically.
Indeed, T vanishes identically if and only if for every [Ω]A ∈ H
n−1, n−1
A (X, C)
and every [v]∂¯ ∈ H
0, 1
∂¯
(X, C) we have
∫
X
∂Ω∧v = 0. Since
∫
X
∂Ω∧v =
∫
X
Ω∧
∂v by the Stokes formula, this is equivalent to the map τ∂v : H
n−1, n−1
A (X, C)→
C vanishing identically, i.e. to [∂v]BC = 0, for every [v]∂¯ ∈ H
0, 1
∂¯
(X, C). Since
[∂v]BC = T
⋆([v]∂¯), this is still equivalent to the map T
⋆ vanishing identically.
Thus, if we put the various bits together, we get the equivalences:
X is an sGG manifold ⇐⇒ ImT = 0 ⇐⇒ ker S = 0 ⇐⇒ S is injective
⇐⇒ ker T ⋆ = H0, 1
∂¯
(X, C) ⇐⇒ ImS⋆ = H0, 1
∂¯
(X, C)
⇐⇒ S⋆ is surjective.
It can be checked that the maps S and S⋆ are dual to each other in the same
way as the duality between T and T ⋆ has been checked. 
Proof of Corollary 1.5. Reading the dimension tables for the Hodge and Bott-
Chern numbers given in [Nak75, p.96] and resp. [Ang11, Theorem 5.1], we
gather that
h0, 1BC = h
0, 1
∂¯
= 2
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for the Iwasawa manifold and all its small deformations. Thus, the conclusion
follows from Theorem 1.4. 
Remark 2.2 In the context of solvmanifolds some examples of sGG mani-
folds can be obtained. For instance, for the completely-solvable Nakamura
manifold, studied first by Nakamura in [Nak75], it is shown by Angella and
Kasuya that the corresponding Lie group G admits lattices Γ (see cases (i)–
(iii) in [AK12, Example 2.17]) for which the Bott-Chern cohomology of the
compact solvmanifolds G/Γ can be determined. For the lattices Γ in cases (ii)
and (iii) the solvmanifolds satisfy h0, 1BC(G/Γ) = 1 = h
0, 1
∂¯
(G/Γ) (see [AK12,
Table 6]), so by Theorem 1.4 they are sGG. Note that in [AK12, Remark
2.19] it is proved that G/Γ is not a ∂∂¯-manifold only for Γ in case (ii).
3 Betti and Hodge numbers b1, h
0, 1
∂¯
In this section we prove a more precise version of Theorem 1.6 from
which the latter follows as a corollary. For any form α, we denote by αp, q its
component of bidegree (p, q).
Theorem 3.1 Let X be any compact complex manifold, dimCX = n.
(i) There is a well-defined canonical C-linear map
F : H1DR(X, C) −→ H
0, 1
∂¯
(X, C)⊕H0, 1
∂¯
(X, C),
F ({α}DR) := ([α
0, 1]∂¯, [α
1, 0]∂¯).
Moreover, the map F is injective. Consequently, the following inequality
holds on any compact complex manifold:
b1 ≤ 2h
0, 1
∂¯
.
(ii) There is a well-defined canonical C-linear map:
F ⋆ : Hn,n−1
∂¯
(X, C)⊕Hn,n−1
∂¯
(X, C) −→ H2n−1DR (X, C),
F ⋆([β]∂¯, [γ]∂¯) := {β + γ¯}DR.
Moreover, the map F ⋆ is dual to the map F . Hence F ⋆ is surjective.
(iii) The following equivalence holds:
X is an sGG manifold ⇐⇒ F ⋆ is injective.
Since F is always injective by (i), this means that X is an sGG manifold
if and only if the linear map F is bijective. In other words, the following
equivalence holds:
10
X is an sGG manifold ⇐⇒ b1 = 2 h
0, 1
∂¯
.
Proof. (i) For any 1-form α, the condition dα = 0 is equivalent to
∂¯α0, 1 = 0, ∂α1, 0 = 0 (⇔ ∂¯α1, 0 = 0), ∂α0, 1 + ∂¯α1, 0 = 0.
Thus, if dα = 0, α0, 1 and α1, 0 define Dolbeault cohomology classes of type
(0, 1). To show that the map F is independent of the choice of representative
in a given De Rham class {α}DR, let α be any d-exact 1-form on X . Then,
there exists a function f on X such that α = df = ∂f + ∂¯f . Hence α0, 1 = ∂¯f
and α1, 0 = ∂¯f¯ , so [α0, 1]∂¯ = [α
1, 0]∂¯ = 0. This proves the well-definedness of
the map F .
To prove that F is injective, let α be a d-closed 1-form such that F ({α}DR) =
0, i.e. α0, 1 = ∂¯f and α1, 0 = ∂¯g (i.e. α1, 0 = ∂g¯) for some functions f, g on X .
Then
0 = ∂α0, 1 + ∂¯α1, 0 = ∂∂¯(f − g¯) on X,
where the first identity follows from ∂α0, 1 + ∂¯α1, 0 being the component of
bidegree (1, 1) of dα = 0. Since X is compact, f − g¯ must be constant on X ,
hence ∂g¯ = ∂f , so we get
α = α1, 0 + α0, 1 = ∂f + ∂¯f = df.
Thus {α}DR = 0. Consequently, F is injective.
(ii) For any ∂¯-closed (n, n−1)-forms β, γ, we have ∂β = ∂γ = 0 for bidegree
reasons, hence dβ = dγ = 0, so β+ γ¯ is d-closed and therefore it defines a De
Rham class. To show that F ⋆ is independent of the choice of representatives
of the classes [β]∂¯, [γ]∂¯ , suppose that β = ∂¯u and γ = ∂¯v for some (n, n−2)-
forms u, v. Since ∂u = ∂v = 0 for bidegree reasons, we see that β = du and
γ = dv, hence β + γ¯ = d(u + v¯), so {β + γ¯}DR = 0. We conclude that F
⋆ is
well defined.
We now prove that the maps F and F ⋆ are dual to each other. Under
the Serre duality Hn, n−1
∂¯
(X, C) ≃ (H0, 1
∂¯
(X, C))⋆, every pair ([β]∂¯, [γ]∂¯) ∈
Hn, n−1
∂¯
(X, C)⊕Hn, n−1
∂¯
(X, C) can be identified with the pair (u, v¯) in which
u, v : H0, 1
∂¯
(X, C)→ C are the C-linear maps acting as
u([α0, 1]∂¯) =
∫
X
β ∧ α0, 1 and v([α0, 1]∂¯) =
∫
X
γ ∧ α0, 1
for every class [α0, 1]∂¯ ∈ H
0, 1
∂¯
(X, C) and v¯ : H0, 1
∂¯
(X, C)→ C is the C-linear
map defined by v¯([α0, 1]∂¯) := v([α
0, 1]∂¯). Proving the duality between F and
F ⋆ amounts to proving that
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σβ+γ¯ = (u+ v¯) ◦ F (3)
for any [β]∂¯, [γ]∂¯ ∈ H
n, n−1
∂¯
(X, C), where σβ+γ¯ : H
1
DR(X, C) → C is the
C-linear map representing the De Rham class
F ⋆([β]∂¯, [γ]∂¯) = {β + γ¯}DR ∈ H
2n−1
DR (X, C) ≃ (H
1
DR(X, C))
⋆
under Poincare´ duality. By definition, this means that for every {α}DR ∈
H1DR(X, C) we have
σβ+γ¯({α}DR) =
∫
X
(β+γ¯)∧α =
∫
X
β∧α0, 1+
∫
X
γ¯∧α1, 0 =
(
(u+v¯)◦F
)
({α}DR).
This proves (3). We conclude that F and F ⋆ are dual to each other.
(iii) Let us first prove the implication “ =⇒ ”. Suppose thatX is an sGG ma-
nifold. Let [β]∂¯, [γ]∂¯ ∈ H
n,n−1
∂¯
(X, C) such that β+ γ¯ = d(Ωn, n−2+Ωn−1, n−1+
Ωn−2, n) for some forms Ωp, q of the specified bidegrees. This amounts to ha-
ving
β = ∂¯Ωn, n−2 + ∂Ωn−1, n−1 and γ¯ = ∂¯Ωn−1, n−1 + ∂Ωn−2, n,
therefore to having
β − ∂¯Ωn, n−2 = ∂Ωn−1, n−1 and γ − ∂¯Ωn−2, n = ∂Ωn−1, n−1.
Now, β−∂¯Ωn, n−2 ∈ [β]∂¯ and γ−∂¯Ωn−2, n ∈ [γ]∂¯ . On the other hand, ∂Ω
n−1, n−1
and ∂Ωn−1, n−1 are d-closed and ∂-exact (n, n − 1)-forms on X , so the sGG
assumption onX implies (thanks to (iii) of Lemma 1.3) that they are both ∂¯-
exact, i.e. [β]∂¯ = [γ]∂¯ = 0 in H
n, n−1
∂¯
(X, C). We conclude that F ⋆ is injective
if X is sGG.
We now prove the reverse implication “⇐=”. Suppose that F ⋆ is injec-
tive. We will show that every Gauduchon metric on X is actually strongly
Gauduchon. This will imply that X is an sGG manifold thanks to (iv) of
Lemma 1.3.
Let ω be any Gauduchon metric on X . Then ∂ωn−1 ∈ ker ∂¯, so we have
a Dolbeault class [∂ωn−1]∂¯ ∈ H
n,n−1
∂¯
(X, C). Now, ∂ωn−1 + ∂ωn−1 = dωn−1
and, moreover,
F ⋆([∂ωn−1]∂¯, [∂ω
n−1]∂¯) = {∂ω
n−1 + ∂ωn−1}DR = {dω
n−1}DR = 0.
Since F ⋆ is supposed injective, we infer that [∂ωn−1]∂¯ = 0, i.e. ω is strongly
Gauduchon. 
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Proof of Corollary 1.7. This is an immediate consequence of Theorem 1.6
if we use the (local) invariance of the Betti numbers of the fibres in a C∞
family of compact complex manifolds and the upper-semicontinuity of the
Hodge numbers hp, q(t) as t varies in ∆ (cf. [KS60, Theorem 4]). Indeed, if
Xt0 is an sGG manifold, we have:
b1 = 2h
0, 1
∂¯
(t0) ≥ 2h
0, 1
∂¯
(t) ≥ b1 for all t sufficiently close to t0.
Thus, we must have equalities b1 = 2h
0, 1
∂¯
(t0) = 2h
0, 1
∂¯
(t) for all t close to t0.
In particular, by Theorem 1.6, Xt must be an sGG manifold for all t close to
t0. Then Theorem 1.4 implies h
0, 1
BC(t0) = h
0, 1
BC(t) for t close to t0. 
Proof of Corollary 1.8. Thanks to the characterisation of sGG manifolds given
in Theorem 1.6, it suffices to ensure the invariance of b1 and of h
0, 1
∂¯
under
modifications, both of which are standard. Indeed, the fundamental group is
known to be a bimeromorphic invariant of complex manifolds, hence so is its
abelianisation H1, so also b1.
We recall for the reader’s convenience the well-known argument showing
the modification invariance of every h0, k
∂¯
for any compact complex manifold
(not necessarily satisfying the Hodge symmetry) 3. This invariance follows
from the combination of two things. The first thing is the following standard
fact (cf. e.g. [Har77]) giving the vanishing of the higher direct image sheaves
of the structural sheaf under modifications:
Let f : X → Y be a bimeromorphic morphism between (smooth) com-
pact complex manifolds. Then:
(i) f⋆OX = OY;
(ii)Rif⋆OX = 0 for all i > 0.
The second thing is the Leray spectral sequence associated with f and OX .
Recall that this is the spectral sequence starting at Ep, q2 := H
p(Y, Rqf⋆OX)
and converging to Hp+q(X, OX). The shape of the direct image sheaves of
OX under f implies at once that
Ep,02 = H
p(Y, OY ) ≃ H
0, p(Y, C) and Ep, q2 = 0, q ≥ 1.
It follows that the Leray spectral sequence degenerates at E2 and we have
H0, k(X, C) = Hk(X, OX) ≃
⊕
p+q=k
Ep, q2 = E
k, 0
2 ≃ H
0, k(Y, C) for all k.

3. One of the authors is very grateful to Professors A. Fujiki and F. Campana for
pointing out to him this simple argument.
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4 The interior of the pseudo-effective cone
Starting from a handful of trivial observations, we exhibit in this section
a few examples of compact complex manifolds which are not in the class C
but whose pseudo-effective cone has non-empty interior.
Proposition 4.1 (I) Let X be a compact complex surface. Then:
(i) there exists a non-zero d-closed (1, 1)-current T ≥ 0 on X ;
(ii) h1, 1BC(X, C) ≥ 1;
(iii) if h1, 1BC(X, C) = 1, then E˚X 6= ∅.
(II) Let X be a compact complex manifold of any dimension.
(i) If h1, 1BC(X, C) = 1 and if there exists a non-zero d-closed (1, 1)-current
T ≥ 0 on X, then E˚X 6= ∅.
(ii) If b2(X) = 0, then X is not in the class C.
Proof. (I)(i) Suppose that such a current did not exist. Then by [Pop13b,
Proposition 5.4], there would exist a degenerate balanced structure ω on X ,
i.e. a smooth (1, 1)-form ω > 0 such that ωn−1 is d-exact. Since n − 1 = 1
on a surface, ω would be, in particular, a Ka¨hler metric, contradicting the
supposed non-existence of a non-zero d-closed positive (1, 1)-current.
(ii) Let T ≥ 0 be a non-zero d-closed (1, 1)-current on X (which exists
by (i)). Then [T ]BC ∈ H
1, 1
BC(X, C) cannot be the zero Bott-Chern class since,
otherwise, T = i∂∂¯ϕ ≥ 0 on X for some L1loc function ϕ, so ϕ would be a
global psh function on the compact manifold X , hence ϕ would be constant
and T = i∂∂¯ϕ = 0, a contradiction.
(iii) For any non-zero d-closed (1, 1)-current T ≥ 0 on X , we have 0 6=
[T ]BC ∈ EX ⊂ H
1, 1
BC(X, R). Since EX is a convex cone, it must contain the
whole ray R+·[T ]BC , so it has non-empty interior in the ambient 1-dimensional
real vector space.
(II)(i) The proof of this statement is identical to that of (I)(iii). It
has been necessary to suppose the existence of a non-zero d-closed posi-
tive (1, 1)-current since, unlike compact complex surfaces, arbitrary compact
complex manifolds of dimension ≥ 3 need not possess such a current (see e.g.
[Pop13b]).
(II)(ii) Suppose that X is in the class C. Then, on the one hand, X is an
sG manifold, while on the other hand, by [DP04], there exists a Ka¨hler current
T on X . In particular, T defines a De Rham class {T}DR ∈ H
2
DR(X, R) = 0,
hence T is a d-exact (non-zero positive) (1, 1)-current. The existence of a such
a current is equivalent, thanks to [Pop13a, Proposition 4.3], to the manifold
X not being an sG manifold, a contradiction. 
We now notice a few examples showing that the property E˚X 6= ∅ does
not imply that X is a class C manifold.
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Proposition 4.2 Let X be either a Hopf surface, or an Inoue SM sur-
face, or an Inoue S± surface, or a secondary Kodaira surface.
Then X is not in the class C but E˚X 6= ∅.
Proof. All the surfaces of the above types are non-Ka¨hler, hence not in the
class C (since the Ka¨hler class coincides with the class C in the case of
surfaces). Now, thanks to [ADT14, Theorem 2.2, Tables 1 and 2, p.8-9] 4,
h1, 1BC(X, C) = 1 for each of these surfaces. We get E˚X 6= ∅ from part (I)(iii)
of our Proposition 4.1. 
5 The cones GX and EX under deformations
Throughout this section, as in the rest of the paper, for any differential
form Ω of any degree k and for any (p, q) such that p+ q = k, we denote by
Ωp, q the component of Ω of bidegree (p, q). Thus Ω =
∑
p+q=k
Ωp, q.
It will be seen in §.5.2 that the discussion of the variation of the cones GX
and EX under deformations of the complex structure of a compact sGG ma-
nifold X would be greatly simplified if the Bott-Chern number h1, 1BC(X) were
locally deformation constant. Unfortunately, this is not the case as Proposi-
tion 7.1 will show, rendering indispensable the introduction of some technical
aspects in §.5.2.
5.1 Fake Hodge-Aeppli decomposition of H2n−2DR (X, R)
If our n-dimensional compact complex manifold X were supposed to be
a ∂∂¯-manifold, there would exist a canonical isomorphism H2n−2DR (X, C) ≃
Hn, n−2A (X, C) ⊕ H
n−1, n−1
A (X, C) ⊕ H
n−2, n
A (X, C) (cf. [Pop13b] where this
splitting was called a Hodge-Aeppli decomposition), hence in particular a
canonical surjection H2n−2DR (X, C)։ H
n−1, n−1
A (X, C) and a canonical injec-
tion Hn−1, n−1A (X, C) →֒ H
2n−2
DR (X, C) which is a section of the surjection.
However, under the weaker sGG assumption on X , a complete Hodge-Aeppli
decomposition in degree 2n− 2 need not exist, but we will show that a wea-
ker substitute thereof (that will prove sufficient for our purposes later on)
exists : a canonical surjection and a non-canonical but naturally-associated-
with-any-given-metric injection as above exist if we restrict attention to the
real cohomologies.
We start by noticing the existence of the canonical surjection.
Proposition 5.1 Let X be an arbitrary compact complex manifold, dimCX =
n. The following canonical linear map
P : H2n−2DR (X, R)→ H
n−1, n−1
A (X, R), {Ω}DR 7→ [Ω
n−1, n−1]A, (4)
4. We are very grateful to F. Campana for pointing out this reference to us.
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is well defined. Furthermore, if X is an sGG manifold, P is surjective.
Proof. Let Ω = Ωn, n−2 + Ωn−1, n−1 + Ωn−2, n be any d-closed (not necessarily
real) C∞ form of degree 2n− 2. We have:
dΩ = 0 ⇐⇒ ∂Ωn−1, n−1 + ∂¯Ωn, n−2 = 0 and ∂Ωn−2, n + ∂¯Ωn−1, n−1 = 0
=⇒ ∂∂¯Ωn−1, n−1 = 0. (5)
The last identity shows that Ωn−1, n−1 defines indeed an Aeppli cohomology
class of bidegree (n− 1, n− 1). To show well-definedness for P , we still have
to show that the definition is independent of the choice of representative of
the De Rham class {Ω}DR. Let Ω1,Ω2 represent the same De Rham class,
i.e. Ω := Ω1 − Ω2 is d-exact. Then there exists a (2n − 3)-form Γ such that
Ω = d(Γn, n−3 + Γn−1, n−2 + Γn−2, n−1 + Γn−3, n). Thus, the d-exactness of a
(2n− 2)-form Ω is equivalent to the existence of Γ ∈ C∞2n−3(X, C) such that
Ωn, n−2
(i)
= ∂Γn−1, n−2 + ∂¯Γn, n−3
Ωn−1, n−1
(ii)
= ∂Γn−2, n−1 + ∂¯Γn−1, n−2
Ωn−2, n
(iii)
= ∂Γn−3, n + ∂¯Γn−2, n−1. (6)
Identity (ii) above means that [Ωn−1, n−1]A = 0, i.e. [Ω
n−1, n−1
1 ]A = [Ω
n−1, n−1
2 ]A.
Let us now suppose thatX is an sGGmanifold. Pick any class [Ωn−1, n−1]A ∈
Hn−1, n−1A (X, R) with Ω
n−1, n−1 real. Then ∂∂¯Ωn−1, n−1 = 0, hence d(∂Ωn−1, n−1) =
0. Since ∂Ωn−1, n−1 is a ∂-exact d-closed (n, n−1)-form, the sGG assumption
on X implies that ∂Ωn−1, n−1 is ∂¯-exact (see Lemma 1.3). Thus, there exists
an (n, n− 2)-form Ωn, n−2 such that
∂Ωn−1, n−1 = −∂¯Ωn, n−2.
Hence, since Ωn−1, n−1 is real, ∂¯Ωn−1, n−1 = −∂Ωn, n−2. Therefore, the (2n−2)-
form Ω := Ωn, n−2+Ωn−1, n−1+Ωn, n−2 is real and dΩ = 0 (cf. (5)). It is clear
that P ({Ω}DR) = [Ω
n−1, n−1]A. This proves that P is surjective. 
Corollary 5.2 If X is an sGG compact complex manifold with dimCX = n,
the dual map of P :
P ⋆ : H1, 1BC(X, R)→ H
2
DR(X, R), [α]BC 7→ {α}DR, (7)
is injective. (Of course, P ⋆ is canonically well defined for any X but it need
not be injective if X is not sGG.)
That P ⋆ is indeed the dual map of P follows immediately from the identity∫
X
α ∧ Ω =
∫
X
α ∧ Ωn−1, n−1 which holds for bidegree reasons for any class
[α]BC ∈ H
1, 1
BC(X, R)) and any class {Ω}DR ∈ H
2n−2
DR (X, R).
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No canonical right inverse of P need exist when X is only an sGG mani-
fold, but for any given Hermitian metric on X we will now construct a right
inverse of P depending on the chosen metric.
Definition 5.3 Let X be an sGG compact complex manifold with dimCX =
n and let ω be an arbitrary Hermitian metric on X. With ω we associate the
following injective linear map
Qω : H
n−1, n−1
A (X, R)→ H
2n−2
DR (X, R), [Ω
n−1, n−1]A 7→ {Ω}DR, (8)
where the real d-closed (2n− 2)-form Ω on X is determined by a given real
∂∂¯-closed (n− 1, n− 1)-form Ωn−1, n−1 and by the metric ω in the following
way.
(i) If ∆A denotes the Aeppli Laplacian associated with ω, we have an ortho-
gonal (w.r.t. the L2 inner product defined by ω) splitting
ker(∂∂¯) = ker∆A⊕(Im ∂+Im ∂¯) (see e.g. [Pop13, §.2]),
which induces a splitting of Ωn−1, n−1 ∈ ker(∂∂¯) as
Ωn−1, n−1 = Ωn−1, n−1A + ∂Γ
n−2, n−1 + ∂¯Γn−1, n−2, (9)
where ∆AΩ
n−1, n−1
A = 0. The forms Γ
n−2, n−1, Γn−1, n−2 are of the shown bide-
grees and are not uniquely determined, but we will see that the definition of
Qω does not depend on their choices. (Since Ω
n−1, n−1 is real, we can always
choose Γn−2, n−1 = Γn−1, n−2.)
(ii) Since ∂¯(∂Ωn−1, n−1A ) = 0, we also have d(∂Ω
n−1, n−1
A ) = 0. Thus the sGG
assumption on X and Lemma 1.3 ensure that ∂Ωn−1, n−1A is ∂¯-exact, i.e. there
exists a smooth (n, n− 2)-form Ωn, n−2A such that
∂Ωn−1, n−1A = ∂¯(−Ω
n, n−2
A ). (10)
We choose Ωn, n−2A to be the solution of equation (10) of minimal L
2-norm
(defined by ω). Thus, Ωn, n−2A is uniquely determined by the formula
Ωn, n−2A = −∂¯
⋆∆
′′−1(∂Ωn−1, n−1A ), (11)
where ∆′′ = ∂¯∂¯⋆ + ∂¯⋆∂¯ is the ∂¯-Laplacian associated with the given metric
ω and ∆
′′−1 is its Green operator (i.e. the inverse of its restriction to the
orthogonal complement of its kernel).
(iii) Taking ∂ in (9) and using (10), we get:
∂Ωn−1, n−1 = ∂Ωn−1, n−1A + ∂∂¯Γ
n−1, n−2 = ∂¯(−Ωn, n−2A − ∂Γ
n−1, n−2).
We set Ωn, n−2 := Ωn, n−2A + ∂Γ
n−1, n−2. Thus we get:
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∂Ωn−1, n−1 = ∂¯(−Ωn, n−2), hende also ∂¯Ωn−1, n−1 = ∂(−Ωn, n−2), (12)
where the latter identity follows from the former by taking conjugates and
using the fact that Ωn−1, n−1 is real.
(iv) We set Ω := Ωn, n−2 + Ωn−1, n−1 + Ωn, n−2. It is clear that Ω is a real
(2n− 2)-form on X and dΩ = 0 (compare (12) with (5)).
We now make the trivial observation that Definition 5.3 is correct.
Lemma 5.4 The map Qω is well defined and injective. Moreover, the com-
posed linear map P ◦Qω : H
n−1, n−1
A (X, R)→ H
n−1, n−1
A (X, R) is the identity
map of Hn−1, n−1A (X, R) (so Qω is a section of P ).
Proof. For well-definedness, we need to show that Qω([Ω
n−1, n−1]A) does not
depend either on the choice of representative of the Aeppli class [Ωn−1, n−1]A
or on the choice of the forms Γn−2, n−1,Γn−1, n−2 in (9). Let us consider two
real representatives of a same real Aeppli class:
[Ωn−1, n−11 ]A = [Ω
n−1, n−1
2 ]A.
Let Ωj = Ω
n, n−2
j +Ω
n−1, n−1
j +Ω
n, n−2
j (j = 1, 2) be the real d-closed (2n− 2)-
forms on X determined by Ωn−1, n−1j and ω as described in Definition 5.3.
Since the ∆A-harmonic representative of a given Aeppli class is unique,
we infer that Ωn−1, n−11, A = Ω
n−1, n−1
2, A (i.e. Ω
n−1, n−1
1 and Ω
n−1, n−1
2 have the
same ∆A-harmonic projection). This implies that Ω
n, n−2
1, A = Ω
n, n−2
2, A since the
solution of minimal L2-norm of a ∂¯-equation (equation (10) here) is unique.
This further implies that
Ωn, n−21 − Ω
n, n−2
2 = ∂(Γ
n−1, n−2
1 − Γ
n−1, n−2
2 ). (13)
On the other hand, (9) spells
Ωn−1, n−1j = Ω
n−1, n−1
j,A + ∂Γ
n−2, n−1
j + ∂¯Γ
n−1, n−2
j , j = 1, 2,
which gives, since Ωn−1, n−11, A = Ω
n−1, n−1
2, A , the identity
Ωn−1, n−11 −Ω
n−1, n−1
2 = ∂(Γ
n−2, n−1
1 −Γ
n−2, n−1
2 )+∂¯(Γ
n−1, n−2
1 −Γ
n−1, n−2
2 ). (14)
We see that (13) and (14) amount to the d-exactness condition (6) for the
real (2n− 2)-form Ω := Ω1 − Ω2 (where we choose Γ
n, n−3 = 0 and Γn−3, n =
0). Thus Ω1 − Ω2 is d-exact, i.e. {Ω1}DR = {Ω2}DR, so Qω([Ω
n−1, n−1
1 ]A) =
Qω([Ω
n−1, n−1
2 ]A).
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To show that Qω is injective, let Qω([Ω
n−1, n−1]A) = 0, i.e. {Ω}DR = 0.
This means that Ω is d-exact, which in turn means that the identities (6)
hold. It is clear that (ii) of (6) expresses the fact that [Ωn−1, n−1]A = 0.
The fact that P◦Qω([Ω
n−1, n−1]A) = [Ω
n−1, n−1]A for any class [Ω
n−1, n−1]A ∈
Hn−1, n−1A (X, R) follows immediately from the definitions of P and Qω : the
original (n− 1, n− 1)-form Ωn−1, n−1 is indeed the (n− 1, n− 1)-component
of the (2n− 2)-form constructed from Ωn−1, n−1 in Definition 5.3. 
Putting these pieces of information together, we immediately get the
Corollary 5.5 Let X be an sGG compact complex manifold, dimCX = n.
For any Hermitian metric ω on X, the dual map of Qω:
Q⋆ω : H
2
DR(X, R)→ H
1, 1
BC(X, R) (15)
is surjective. Moreover, the composition Q⋆ω◦P
⋆ : H1, 1BC(X, R)→ H
1, 1
BC(X, R)
is the identity map.
Note that the dual map Q⋆ω has the following explicit form∫
X
Q⋆ω({α}DR) ∧ [Ω
n−1, n−1]A =
∫
X
{α}DR ∧Qω([Ω
n−1, n−1]A) (16)
for any classes {α}DR ∈ H
2
DR(X, R) and [Ω
n−1, n−1]A ∈ H
n−1, n−1
A (X, R).
(The meaning of cohomology classes in (16) is that the integrals do not
depend on the choice of representatives in those classes.)
We can well call the pair of maps (P, Qω) a fake Hodge-Aeppli decom-
position of H2n−2DR (X, R) and the dual pair of maps (P
⋆, Q⋆ω) the dual fake
Hodge-Bott-Chern decomposition of H2DR(X, R).
5.2 Deformation semicontinuity of GX and EX
We now use the fake Hodge decomposition of the previous subsection to
study the variations of the Gauduchon cone GX and of the pseudo-effective
cone EX under small deformations of the sGG complex structure of X .
Let π : X→ ∆ be a holomorphic family of compact complex manifolds.
Without loss of generality, we may suppose that ∆ ⊂ C is an open disc about
the origin. The fibres Xt := π
−1(t) ⊂ X (t ∈ ∆) are thus compact complex
manifolds of equal dimension n and the family is C∞ locally trivial, hence
the De Rham cohomology groups of the fibres can be identified with a fixed
space Hk(X, C) for every k = 0, 1, . . . , 2n. As the complex structure of Xt
varies with t ∈ ∆, the Bott-Chern, Dolbeault and Aeppli cohomologies of
the fibres depend on t.
Suppose moreover that X0 is an sGG manifold. Then Xt is an sGG mani-
fold for all t ∈ ∆ sufficiently close to 0 by our Corollary 1.7. After shrinking
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∆ about 0, we can assume that Xt is an sGG manifold for all t ∈ ∆. We fix
any C∞ family (ωt)t∈∆ of Hermitian metrics on the respective fibres (Xt)t∈∆.
Let t0 ∈ ∆ be an arbitrary point (e.g. we take t0 = 0).
(I) Variation of the Gauduchon cone
The fake Hodge-Aeppli decomposition constructed in the previous subsec-
tion on each fibre Xt gives us maps as follows:
Hn−1, n−1A (X0, R)
Qω0
→֒ H2n−2DR (X, R)
Pt
։ Hn−1, n−1A (Xt, R), t ∈ ∆.⋃ ⋃
GX0 GXt
Thus the image of the Gauduchon cone GX0 of X0 under the composition
Pt ◦ Qω0 : H
n−1, n−1
A (X0, R) → H
n−1, n−1
A (Xt, R) can be compared to GXt
as subsets of Hn−1, n−1A (Xt, R). Note that P0 ◦ Qω0 = IdHn−1, n−1
A
(X0,R)
and it
follows from [KS60, Theorem 5] that the surjections (Pt)t∈∆ vary in a C
∞
way with t (hence the maps Pt ◦ Qω0 are isomorphisms) if the dimension
of Hn−1, n−1A (Xt, R) (= h
1, 1
BC(t) by duality) is independent of t. However, if
h1, 1BC(0) > h
1, 1
BC(t) for t 6= 0 close to 0, the Gauduchon cone GX0 of X0 has
more dimensions than its counterparts GXt on the nearby fibres, but the
projections Pt for t 6= 0 eliminate the extra dimensions of (Pt ◦Qω0)(GX0). It
seems sensible to introduce the following definition.
Definition 5.6 If (Xt)t∈∆ is a holomorphic family of sGG compact com-
plex n-dimensional manifolds, the limit as t → t0 of the Gauduchon
cones GXt of the fibres Xt for t 6= t0 is defined as the following subset of
Hn−1, n−1A (Xt0 , R):
lim
t→t0
GXt :=
{
[Ωn−1, n−1]A ∈ H
n−1, n−1
A (Xt0 , R) | (Pt◦Qωt0 )([Ω
n−1, n−1]A) ∈ GXt ∀t ∼ t0
}
,
where “∀t ∼ t0” means “for all t sufficiently close to t0”.
Note that lim
t→t0
GXt depends on the metric ωt0 (since Qωt0 depends thereon)
but does not depend on the way in which ωt0 has been extended in a C
∞
fashion to metrics ωt on the nearby fibres (since the maps Pt are canonical).
We can now prove that the Gauduchon cone GXt of the sGG fibre Xt
behaves lower-semicontinuously w.r.t. t ∈ ∆ in the usual topology of ∆ much
as it did in the special case of families of ∂∂¯-manifolds treated in [Pop13b].
Theorem 5.7 Let (Xt)t∈∆ be any holomorphic family of sGG compact com-
plex manifolds endowed with any C∞ family (ωt)t∈∆ of Hermitian metrics.
Then, for all t0 ∈ ∆, the following inclusion holds:
GXt0 ⊂ limt→t0
GXt .
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Proof. We may assume that t0 = 0. Denote by n the complex dimension of
the fibres and let [γn−10 ]A ∈ GX0 for some Gauduchon metric γ0 > 0 on X0.
Let Ω be the C∞ real d-closed (2n− 2)-form determined by γn−10 and by the
Hermitian metric ω0 as in Definition 5.3. For every t ∈ ∆, the splitting of Ω
into pure-type forms reads:
Ω = Ωn, n−2t + Ω
n−1, n−1
t + Ω
n−2, n
t , t ∈ ∆,
where Ωn−1, n−10 = γ
n−1
0 . Then (Pt◦Qω0)([γ
n−1
0 ]A) = Pt({Ω}DR) = [Ω
n−1, n−1
t ]A ∈
Hn−1, n−1A (Xt, R) for all t ∈ ∆. Since Ω
n−1, n−1
0 > 0 and the Ω
n−1, n−1
t vary in
a C∞ way with t ∈ ∆ (as components of the fixed form Ω), we get
Ωn−1, n−1t > 0 for all t sufficiently close to 0,
hence there exists a unique Gauduchon metric γt on Xt such that γ
n−1
t =
Ωn−1, n−1t , so [Ω
n−1, n−1
t ]A ∈ GXt for all t close to 0. Thus [γ
n−1
0 ]A ∈ lim
t→t0
GXt .

(II) Dual situation : variation of the pseudo-effective cone
The dual of the fake Hodge-Aeppli decomposition constructed in the pre-
vious subsection on each fibre Xt gives us maps as follows:
H1, 1BC(X0, R)
P ⋆
0
→֒ H2DR(X, R)
Q⋆ωt
։ H1, 1BC(Xt, R), t ∈ ∆.⋃ ⋃
EX0 EXt
Clearly, Q⋆ω0 ◦ P
⋆
0 = IdH1, 1
BC
(X0,R)
and it follows from [KS60, Theorem 5] that
the surjections (Q⋆ωt)t∈∆ vary in a C
∞ way with t (hence the maps Q⋆ωt ◦ P
⋆
0
are isomorphisms) if the dimension of H1, 1BC(Xt, R) (= h
1, 1
BC(t)) is independent
of t. However, if h1, 1BC(0) > h
1, 1
BC(t) for t 6= 0 close to 0, the pseudo-effective
cone EX0 of X0 lies in a space which has a higher dimension than the ambient
spaces of its counterparts EXt on the nearby fibres.
We shall now define a complex vector subspace
H
′1, 1
BC (X0, C) ⊂ H
1, 1
BC(X0, C)
depending on the chosen family of Hermitian metrics (ωt)t∈∆ such that:
· dimH
′1, 1
BC (X0, C) = dimH
1, 1
BC(Xt, C) for all t ∈ ∆ close to 0;
· H
′1, 1
BC (X0, C) = H
1, 1
BC(X0, C) when h
1, 1
BC(0) = h
1, 1
BC(t) for t close to 0.
For every t ∈ ∆, let ∆A, t : C
∞
n−1, n−1(Xt, C) → C
∞
n−1, n−1(Xt, C) be the
Aeppli Laplacian in bidegree (n− 1, n− 1) defined by the Hermitian metric
ωt on Xt. Since ∆A, t is a non-negative self-adjoint elliptic operator (of order
4), it has a discrete spectrum 0 ≤ λ1(t) ≤ λ2(t) ≤ . . . with +∞ as sole
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accumulation point and the space C∞n−1, n−1(Xt, C) has an orthonormal basis
(ej(t))j≥1 consisting of eigenvectors such that
∆A, tej(t) = λj(t) ej(t), j ≥ 1, t ∈ ∆.
Let N := h1, 1BC(0) and p := h
1, 1
BC(t) for t close to 0. Thus N ≥ p by the
Kodaira-Spencer upper-semicontinuity property [KS60, Theorem 4]. Let
0 < ε < min
(
Spec∆A, 0 ∩ (0, +∞)
)
such that ε /∈ Spec∆A, t ∀t ∼ 0.
Then, thanks to fundamental Kodaira-Spencer theorems on smooth families
of elliptic operators [KS60, Theorems 1-5], we have the following picture:
0 = λ1(0) = · · · = λN (0) < ε < λN+1(0), while for all t ∼ 0, t 6= 0, we have:
0 = λ1(t) = · · · = λp(t) < λp+1(t) ≤ · · · ≤ λN (t) < ε < λN+1(t),
i.e. the number of eigenvalues (counted with multiplicities) of ∆A, t lying in
the open interval (−1, ε) is independent of t if t ∈ ∆ is sufficiently close to
0. Moreover, if E∆A, t(λ) denotes the eigenspace of ∆A, t corresponding to the
eigenvalue λ, the Kodaira-Spencer theorems further ensure that
∆ ∋ t 7→
⊕
0≤λ<ε
E∆A, t(λ) := E
n−1, n−1
A, ε (t)
is a C∞ vector bundle of finite rank (equal to N here) after possibly shrinking
∆ about 0 and that the orthogonal projections
C∞n−1, n−1(Xt, C)
σt−→ En−1, n−1A, ε (t) (17)
vary in a C∞ way with t ∈ ∆.
Thus {e1(t), . . . , eN(t)} is a local frame for the vector bundle E
n−1, n−1
A, ε and
we have:
ker∆A, 0 = 〈e1(0), . . . , ep(0), . . . , eN(0)〉 = E
n−1, n−1
A, ε (0),
ker∆A, t = 〈e1(t), . . . , ep(t)〉 ⊂ 〈e1(t), . . . , eN(t)〉 = E
n−1, n−1
A, ε (t), t 6= 0.
Thus we have an orthogonal splitting
ker∆A, 0 = 〈e1(0), . . . , ep(0)〉 ⊕ 〈ep+1(0), . . . , eN(0)〉
which induces under the Hodge isomorphism ker∆A, 0 ≃ H
n−1, n−1
A (X0, C) a
splitting
Hn−1, n−1A (X0, C) = H
′n−1, n−1
A (X0, C)⊕H
′′n−1, n−1
A (X0, C) (18)
where H
′n−1, n−1
A (X0, C) ≃ 〈e1(0), . . . , ep(0)〉 and
22
H
′′n−1, n−1
A (X0, C) ≃ 〈ep+1(0), . . . , eN(0)〉. Now,H
1, 1
BC(X0, C) andH
n−1, n−1
A (X0, C)
are dual to each other, so identifying H1, 1BC(X0, C) with H
n−1, n−1
A (X0, C)
⋆ we
define
H
′1, 1
BC (X0, C) :=
{
[α]BC ∈ H
1, 1
BC(X0, C) | [α]BC|H′′n−1, n−1
A
(X0,C)
= 0
}
. (19)
Thus,H
′1, 1
BC (X0, C) consists of the linear maps [α]BC : H
n−1, n−1
A (X0, C)→ C
vanishing onH
′′n−1, n−1
A (X0, C), i.e. identifies with the dual ofH
′n−1, n−1
A (X0, C).
It is clear that H
′1, 1
BC (X0, C) coincides with H
1, 1
BC(X0, C) if h
1, 1
BC(0) =
h1, 1BC(t) for t ∼ 0, but it depends on the choice of the C
∞ family of metrics
(ωt)t∈∆, so it is not canonical, if h
1, 1
BC(0) > h
1, 1
BC(t). The same construction
can, of course, be run for any t0 ∈ ∆ in place of 0.
Definition 5.8 Let (Xt)t∈∆ be a holomorphic family of sGG compact com-
plex manifolds equipped with a C∞ family of Hermitian metrics (ωt)t∈∆.
For any t0 ∈ ∆, the limit as t→ t0 of the pseudo-effective cones EXt
of the fibres Xt for t 6= t0 is defined as the following subset of H
1, 1
BC(Xt0 , R):
lim
t→t0
EXt :=
{
[α]BC ∈ H
1, 1
BC(Xt0 , R)∩H
′1, 1
BC (Xt0 , C) | (Q
⋆
ωt
◦P ⋆t0)([α]BC) ∈ EXt ∀t ∼ t0
}
,
where “ ∀t ∼ t0” means “for all t sufficiently close to t0”.
Note that we restrict from the start to classes in the subspaceH
′1, 1
BC (Xt0 , C)
⊂ H1, 1BC(Xt0 , C) to trim off the extra dimensions that the limit may acquire
if the dimension of H1, 1BC(Xt, C) increases in the limit. Note also that, unlike
its Gauduchon-cone counterpart, lim
t→t0
EXt depends not only on the metric ωt0
but on the whole family of metrics (ωt)t∈∆ for t ∼ 0.
We can now prove that the pseudo-effective cone EXt behaves upper-
semicontinuously in families of sGG manifolds.
Theorem 5.9 Let (Xt)t∈∆ be any holomorphic family of sGG compact com-
plex manifolds endowed with any C∞ family (ωt)t∈∆ of Hermitian metrics.
Then, for all t0 ∈ ∆, the following inclusion holds:
EXt0 ⊃ limt→t0
EXt .
Proof. Without loss of generality, we may suppose that t0 = 0. Let [T ]BC ∈
lim
t→0
EXt , where T is a d-closed real (1, 1)-current onX0. (We implicitly use the
fact that the Bott-Chern cohomology can be computed using either smooth
forms or currents.) Since EXt is the dual of GXt by Lamari’s duality lemma,
for all t 6= 0 with t ∼ 0 and for any Gauduchon metric γt on Xt, we have
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∫
Xt
(Q⋆ωt ◦ P
⋆
0 )([T ]BC) ∧ [γ
n−1
t ]A =
∫
Xt
{T}DR ∧Qωt([γ
n−1
t ]A) (20)
=
∫
Xt
T ∧ (Ωn, n−2t + γ
n−1
t + Ω
n, n−2
t ) ≥ 0.
Indeed, the first identity in (20) is (16), while the second identity holds for
the (n, n − 2)-form Ωn, n−2t on Xt determined as described in Definition 5.3
by γn−1t and the Hermitian metric ωt of Xt.
We will show that [T ]BC ∈ EX0 . Since EX0 is the dual of GX0 by Lamari’s
lemma, this amounts to showing that∫
X0
T ∧ γn−10 ≥ 0 (21)
for any Gauduchon metric γ0 on X0.
Let us fix an arbitrary Gauduchon metric γ0 onX0. Pick any C
∞ deforma-
tion of γ0 to Gauduchon metrics (γt)t∈∆ on the fibres (Xt)t∈∆. (This is always
possible as the proof of Gauduchon’s theorem shows – see e.g. [Pop13a, §.3]).
Since (γn−1t )t∈∆ is a C
∞ family of (n− 1, n− 1)-forms and since (σt)t∈∆ is a
C∞ family of orthogonal projections (defined in (17)), (σtγ
n−1
t )t∈∆ is a C
∞
family of (n− 1, n− 1)-forms.
We use the notation of Definition 5.3 with Ωn−1, n−1 replaced with γn−1t
on each fibre Xt. Thus Ω
n−1, n−1
A, t stands for the ∆A, t-harmonic component of
γn−1t , so for every t ∈ ∆ we have:
γn−1t = Ω
n−1, n−1
A, t + ∂tΓ
n−2, n−1
t + ∂¯tΓ
n−2, n−1
t ,
Ωn, n−2A, t := −∂¯
⋆
t∆
′′−1
t (∂tΩ
n−1, n−1
A, t ) and Ω
n, n−2
t := Ω
n, n−2
A, t + ∂tΓ
n−2, n−1
t
On the other hand, we have:
σ0γ
n−1
0 = Ω
n−1, n−1
A, 0 =
p∑
j=1
cj(0) ej(0) +
N∑
j=p+1
cj(0) ej(0) := Ω
′
A, 0 + Ω
′′
A, 0,
σtγ
n−1
t =
p∑
j=1
cj(t) ej(t) +
N∑
j=p+1
cj(t) ej(t) = Ω
n−1, n−1
A, t +
N∑
j=p+1
cj(t) ej(t),
for t ∼ 0, t 6= 0. Thus Ω′A, 0,Ω
′′
A, 0 ∈ ker∆A, 0 and [Ω
′
A, 0]A ∈ H
′n−1, n−1
A (X0, C)
while [Ω′′A, 0]A ∈ H
′′n−1, n−1
A (X0, C). The coefficients cj(t) ∈ C vary conti-
nuously with t ∈ ∆, so cj(t)→ cj(0) as t→ 0 for every j. We get:
Ωn−1, n−1A, t =
p∑
j=1
cj(t) ej(t) −→
p∑
j=1
cj(0) ej(0) = Ω
′
A, 0 ∈ ker∆A, 0 as t→ 0,
(22)
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hence, from ∂t varying in a C
∞ way with t up to t = 0, we infer
∂tΩ
n−1, n−1
A, t −→ ∂0Ω
′
A, 0 as t→ 0.
Now comes a crucial argument. The forms ∂tΩ
n−1, n−1
A, t and ∂0Ω
′
A, 0 are of
bidegree (n, n − 1) for their respective complex structures. On the other
hand, by Serre duality we have hn, n−1
∂¯
(t) = h0, 1
∂¯
(t), hence part (ii) of our
Corollary 1.7 and the sGG assumption ensure that
hn, n−1
∂¯
(0) = hn, n−1
∂¯
(t) for all t ∼ 0.
Therefore, the Green operators (∆
′′−1
t )t∈∆ vary in a C
∞ way with t (up to
t = 0) by the Kodaira-Spencer theorem [KS60, Theorem 5] which applies
when the relevant Hodge numbers (hn, n−1
∂¯
(t) here) do not jump. Thus,
∆
′′−1
t (∂tΩ
n−1, n−1
A, t ) −→ ∆
′′−1
0 (∂0Ω
′
A, 0) as t→ 0
and since ∂¯⋆t varies in a C
∞ way with t up to t = 0, we infer
Ωn, n−2A, t = −∂¯
⋆
t∆
′′−1
t (∂tΩ
n−1, n−1
A, t ) −→ −∂¯
⋆
0∆
′′−1
0 (∂0Ω
′
A, 0) := Ω
′n, n−2
A, 0 (23)
as t→ 0. It is clear that the form Ω
′n, n−2
A, 0 is of bidegree (n, n− 2) on X0.
We can now finish the proof of the theorem. Recall that we have to prove
inequality (21). With the above preparations, we have:
∫
X0
T ∧ γn−10 =
∫
X0
T ∧ (Ωn−1, n−1A, 0 + ∂0Γ
n−2, n−1
0 + ∂¯0Γ
n−2, n−1
0 )
(a)
=
∫
X0
T ∧ Ωn−1, n−1A, 0
=
∫
X0
T ∧ Ω′A, 0 +
∫
X0
T ∧ Ω′′A, 0
(b)
=
∫
X0
T ∧ Ω′A, 0, (24)
where identity (a) follows by Stokes’ theorem from ∂0T = 0 and ∂¯0T = 0
(due to dT = 0), while identity (b) follows from the definition ofH
′1, 1
BC (X0, C),
from [T ]BC ∈ H
′1, 1
BC (X0, C) and from [Ω
′′
A, 0]A ∈ H
′′n−1, n−1
A (X0, C).
On the other hand, the last integral in (20), which is non-negative for all
t ∼ 0 and t 6= 0, transforms as follows:
∫
Xt
T ∧ (Ωn, n−2t + γ
n−1
t + Ω
n, n−2
t ) =
∫
Xt
T ∧ γn−1t (25)
+
∫
Xt
T ∧ Ωn, n−2A, t +
∫
Xt
T ∧ ∂tΓ
n−1, n−2
t
+
∫
Xt
T ∧ Ωn, n−2A, t +
∫
Xt
T ∧ ∂¯tΓ
n−2, n−1
t .
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Now,
∫
Xt
T ∧γn−1t converges to
∫
X0
T ∧γn−10 , while
∫
Xt
T ∧Ωn, n−2A, t converges to∫
X0
T ∧Ω
′n, n−2
A, 0 = 0 by the crucial convergence (23). The last identity follows
from T being of bidegree (1, 1) and Ω
′n, n−2
A, 0 being of bidegree (n, n − 2),
hence T ∧Ω
′n, n−2
A, 0 = 0 as an (n+ 1, n− 1)-current. By conjugation, we infer
that
∫
Xt
T ∧Ωn, n−2A, t converges to
∫
X0
T ∧Ω
′n, n−2
A, 0 = 0. Furthermore, we have:
∫
Xt
T∧∂tΓ
n−2, n−1
t =
∫
Xt
T∧dΓn−2, n−1t −
∫
Xt
T∧∂¯tΓ
n−2, n−1
t = −
∫
Xt
T∧∂¯tΓ
n−2, n−1
t ,
the last identity following from Stokes’ theorem and dT = 0. We also have
the conjugate identity:
∫
Xt
T ∧ ∂¯tΓ
n−2, n−1
t = −
∫
Xt
T ∧ ∂tΓ
n−2, n−1
t , hence:
∫
Xt
T ∧ ∂tΓ
n−2, n−1
t +
∫
Xt
T ∧ ∂¯tΓ
n−2, n−1
t = −
∫
Xt
T ∧ (∂¯tΓ
n−2, n−1
t + ∂tΓ
n−2, n−1
t )
= −
∫
Xt
T ∧ (γn−1t − Ω
n−1, n−1
A, t ). (26)
Now,
∫
Xt
T ∧ γn−1t converges to
∫
X0
T ∧ γn−10 and, by (22),
∫
Xt
T ∧ Ωn−1, n−1A, t
converges to
∫
X0
T ∧ Ω′A, 0 as t → 0. Putting together (25), (26) and all the
pieces of convergence information just mentioned, we get the convergence:
∫
Xt
T ∧ (Ωn, n−2t + γ
n−1
t + Ω
n, n−2
t ) −→
∫
X0
T ∧ Ω′A, 0 =
∫
X0
T ∧ γn−10 as t→ 0,
(27)
where the last identity is nothing but (24).
Recall that
∫
Xt
T ∧ (Ωn, n−2t + γ
n−1
t +Ω
n, n−2
t ) ≥ 0 for all t ∼ 0 with t 6= 0
by (20). Hence (27) implies
∫
X0
T ∧ γn−10 ≥ 0 and we are done. 
6 Relations between the sGG class and other
classes of compact complex manifolds
In this section we show that sGG manifolds are unrelated to balanced
manifolds and to those whose Fro¨licher spectral sequence degenerates at E1.
Examples of compact complex manifolds X with SGX 6= GX but admit-
ting strongly Gauduchon metrics are also given. To construct appropriate
examples we will consider the class of nilmanifolds endowed with an inva-
riant complex structure.
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Recall that a nilmanifold N = G/Γ is a compact quotient of a connected
and simply-connected nilpotent real Lie group G by a lattice Γ of maximal
rank in G. Let g be the Lie algebra of the group G. We will say that “N has
underlying Lie algebra g” or that “g is the Lie algebra underlying N”. We
will denote 6-dimensional real Lie algebras in the usual abbreviated form ;
for instance, (04, 12, 34) denotes the Lie algebra g with generators {ei}
6
i=1
satisfying the bracket relations [e1, e2] = −e5, [e3, e4] = −e6, or equivalently
there exists a basis {αi}6i=1 of the dual g
∗ such that dα1 = dα2 = dα3 =
dα4 = 0, dα5 = α1 ∧ α2, dα6 = α3 ∧ α4.
Notice that by Nomizu’s theorem [Nom54], the integer k appearing in 0k
in the notation above is precisely the first Betti number of N , i.e. b1(N) = k.
The complex structures that we will consider on N are invariant in the
sense that they stem naturally from “complex” structures J on the Lie al-
gebra g of G. For any such J , the i-eigenspace g1,0 of J in gC = g ⊗R C is
a complex subalgebra. When g1,0 is abelian we will refer to J as an abelian
complex structure.
The following result identifies the compact complex nilmanifolds of com-
plex dimension 3 that are sGG.
Theorem 6.1 Let N be a nilmanifold of (real) dimension six not isomorphic
to a torus and let J be an invariant complex structure on N . Then, the
compact complex manifold X = (N, J) is sGG if and only if the Lie algebra
underlying N is isomorphic to (04, 12, 34), (04, 12, 14+23), (04, 13+42, 14+
23) or (04, 12, 13) and the complex structure J is not abelian.
Proof. By Theorem 1.6, if N admits an invariant complex structure J such
that X = (N, J) is sGG then the first Betti number is even. From the clas-
sification of nilpotent Lie algebras admitting a complex structure [Sal01],
this condition implies that the Lie algebra underlying N belongs to the fol-
lowing list : (04, 12, 34), (04, 12, 14 + 23), (04, 13 + 42, 14 + 23), (04, 12, 13),
(04, 12, 14 + 25), (02, 12, 13, 23, 14 + 25).
We first rule out the last two cases. It was proved in [UV14, Proposition
2.4] that for any invariant complex structure J on a nilmanifold N with un-
derlying Lie algebra (02, 12, 13, 23, 14+25) there is a global basis {η1, η2, η3}
of forms of bidegree (1,0), with respect to J , satisfying complex equations of
the shape:
dη1 = 0, dη2 = η13 + η13¯, dη3 = iη11¯ ± i(η12¯ − η21¯),
(where we use the standard notation: ηjk := ηj ∧ ηk, ηjk¯ := ηj ∧ ηk.)
That is to say, up to equivalence there exist exactly two invariant complex
structures on N depending on the choice of sign in the third equation. Hence,
H0, 1
∂¯
(N, J) = 〈[η1¯]∂¯, [η
3¯]∂¯〉 by a result in [Rol09, Section 4.2], and we get
b1(N) = 2 < 4 = 2h
0, 1
∂¯
(N, J). It follows from Theorem 1.6 that there is no
invariant complex structure on N satisfying the sGG property.
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By [COUV11], for any invariant complex structure J on a nilmanifold N
with underlying Lie algebra (04, 12, 14+25) there is a global basis {η1, η2, η3}
of (1,0)-forms satisfying
dη1 = 0, dη2 = η11¯, dη3 = η12¯ + η21¯,
which implies that h0, 1
∂¯
(N, J) = 3. Therefore, b1(N) = 4 < 6 = 2h
0, 1
∂¯
(N, J),
so there is no invariant complex structure on N satisfying the sGG property.
It is well known that on 6-dimensional nilmanifolds different from the
complex tori there exists (up to equivalence) only one complex-parallelisable
complex structure given by the complex equations
dη1 = dη2 = 0, dη3 = η12.
This corresponds to the Iwasawa manifold (which is an sGG manifold by e.g.
Corollary 1.5) whose underlying Lie algebra is precisely (04, 13+42, 14+23).
Now, for any other complex structure J on a nilmanifold N with underlying
Lie algebra (04, 12, 34), (04, 12, 14 + 23), (04, 13 + 42, 14 + 23) or (04, 12, 13),
it is proved in [COUV11] that there is a (1,0)-basis satisfying
dη1 = dη2 = 0, dη3 = ρ η12 + η11¯ + λ η12¯ +D η22¯, (28)
where ρ ∈ {0, 1}, λ ∈ R≥0 and D = x+ iy ∈ C with y ≥ 0. Notice that J is
abelian if and only if ρ = 0.
To complete the proof we must show that for any complex structure J
given by (28) the compact complex manifold (N, J) satisfies b1(N) = 4 =
2h0, 1
∂¯
(N, J) if and only if ρ = 1. But this is clear because H0, 1
∂¯
(N, J) =
〈[η1¯]∂¯, [η
2¯]∂¯, [η
3¯]∂¯〉 when ρ = 0, and H
0, 1
∂¯
(N, J) = 〈[η1¯]∂¯, [η
2¯]∂¯〉 for ρ = 1. 
For any compact complex manifold X , it is immediate that if X is sGG
thenX has an sG metric. The following example shows that the converse does
not hold in general even if the sG hypothesis is reinforced to the balanced
hypothesis and even with an extra property.
Proposition 6.2 There exists a compact complex manifold X having a ba-
lanced metric, with Fro¨licher spectral sequence degenerating at the first step
and with first Betti number b1(X) odd. Thus, X is not sGG.
Proof. Let N be a nilmanifold with underlying Lie algebra isomorphic to
(05, 12 + 34). Then, the first Betti number of N is 5. We consider on N the
complex structure J defined by the complex equations
dη1 = dη2 = 0, dη3 = η11¯ − η22¯.
By Theorem 1.6 we know that X = (N, J) is not sGG because b1(N) = 5.
It is proved in [COUV11] that E1(X) ∼= E∞(X). Moreover, X is balanced ;
for instance, ω = i
2
(η11¯+ η22¯+ η33¯) satisfies dω2 = 0, that is, ω is a balanced
metric on X . 
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Proposition 6.3 The balanced property and the sGG property are unrelated.
Moreover, the Fro¨licher spectral sequence degenerating at E1 and the sGG
property are also unrelated.
Proof. In Proposition 6.2 we proved that “balanced” does not imply “sGG”,
and that E1(X) ∼= E∞(X) does not imply X to be sGG. We now show that
there exists an sGG compact complex manifold X that is not balanced and
whose Fro¨licher spectral sequence does not degenerate at E1.
Let N be a nilmanifold with underlying Lie algebra isomorphic to (04, 13+
42, 14+23), that is,N is the (real) manifold underlying the Iwasawa manifold.
We consider on N the complex structure J defined by the complex equations
dη1 = dη2 = 0, dη3 = η12 + η11¯. (29)
By Theorem 6.1 the compact complex manifold X = (N, J) is sGG because
the complex structure J is not abelian. However, from the general study in
[COUV11] one has that E1(X) 6∼= E2(X) ∼= E∞(X) and X does not admit
any balanced metric. 
We are now ready to give another example promised in the introduction.
Proposition 6.4 The superstrong Gauduchon property and the sGG pro-
perty are unrelated.
Proof. Let us show first that there exists an sGG compact complex mani-
fold X that does not admit any superstrong Gauduchon metric. Consider
X = (N, J) a (real) 2n-dimensional nilmanifold N endowed with an inva-
riant complex structure J . By the usual symmetrisation process, if ω is a
superstrong Gauduchon metric on X , then there also exists an invariant su-
perstrong Gauduchon metric ωˆ on X . Indeed, if Ω = ωn−1 satisfies ∂Ω = ∂∂¯α
for some (n−1, n−2)-form α, then by symmetrisation we get that the positive
definite invariant (n−1, n−1)-form Ω˜ (obtained from Ω) satisfies ∂Ω˜ = ∂∂¯α˜
for an invariant (n − 1, n − 2)-form α˜. Now, since Ω˜ > 0, it is well known
that there exists an invariant Hermitian metric ωˆ such that Ω˜ = ωˆn−1. Thus
ωˆ is necessarily an invariant superstrong Gauduchon metric on X .
Now, let us consider X = (N, J) defined by (29), which by Theorem 6.1
is sGG. A direct calculation shows that ∂∂¯Λ2,1(g∗) ≡ 0. Therefore, if a su-
perstrong Gauduchon metric existed on X , it would have to be an invariant
balanced metric. However, we pointed out in the proof of Proposition 6.3
that X is not balanced. Thus, X is sGG but does not admit any superstrong
Gauduchon metric.
Conversely, we notice that the superstrong Gauduchon property does not
imply the sGG property because, thanks to Proposition 6.2, there exists a
balanced manifold which is not sGG. 
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7 Examples of deformation limits of sGG ma-
nifolds
The following result shows that the sGG hypothesis on X does not ensure
the Bott-Chern number h1, 1BC(X) to be locally deformation constant.
Proposition 7.1 There exists a holomorphic family of compact complex sGG
manifolds (Xt)t∈∆ such that h
1, 1
BC(0) > h
1, 1
BC(t) for all t ∈ ∆\C, where ∆ ⊂ C
is a small open disc about 0 and C is a real curve through 0.
Proof. Let X0 = (N, J0) be a complex nilmanifold of real dimension 6 defined
by the equations
dη1 = dη2 = 0, dη3 = η12 + η11¯ + η12¯ − 2 η22¯. (30)
By [COUV11, Table 1] the Lie algebra g underlying N is isomorphic to
(04, 12, 14 + 23). Since the complex structure J0 is not abelian, Theorem 6.1
implies that X0 is sGG.
By [Ang11, Theorem 2.7], the Bott-Chern cohomology groups of X0 can
be calculated at the level of the Lie algebra underlying N , in particular,
H1, 1BC(X0)
∼= H
1, 1
BC(g, J0) = ker{d : Λ
1,1(g∗) −→ Λ3(g∗
C
)}. From the equations
(30) we get
H1, 1BC(X0)
∼= 〈[η11¯]BC , [η
12¯]BC , [η
21¯]BC , [η
22¯]BC , [η
13¯+2 η23¯+η31¯+2 η32¯]BC〉,
therefore h1, 1BC(X0) = 5.
Now we consider a small deformation Jt given by
t
∂
∂z2
⊗ dz¯2 ∈ H
0, 1(X0, T
1,0X0),
where z2 is a complex coordinate such that η
2 = dz2. By Corollary 1.7 we
know that the compact complex manifold Xt = (N, Jt) is sGG for all t ∈ C
close enough to 0. In fact, for t ∈ C with |t| < 1, if we consider the basis
{ν1t = η
1, ν2t =
1−t¯
1−|t|2
(η2 + t η2¯), ν3t = η
3} of complex forms of type (1,0) with
respect to Jt, then the complex structure equations along the deformation
are :
dν1t = dν
2
t = 0, dν
3
t = ν
12
t + ν
11¯
t + ν
12¯
t − 2
1− |t|2
|1− t|2
ν22¯t . (31)
Next we compute the dimension of the Bott-Chern cohomology group
H1, 1BC(Xt) of Xt. Since the complex structure Jt is invariant, we can use again
[Ang11, Theorem 2.7] to reduce the calculation to the invariant forms. By
(31) it is clear that ν11¯t , ν
12¯
t , ν
21¯
t and ν
22¯
t define Bott-Chern classes inH
1, 1
BC(Xt).
To see if there are some other classes, we need to compute the differentials
of the remaining basic (1,1)-forms νjk¯t . From the equations (31) we get :
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dν13¯t = ν
121¯
t − 2
1−|t|2
|1−t|2
ν122¯t − ν
11¯2¯
t ,
dν23¯t = −ν
121¯
t − ν
21¯2¯
t ,
dν31¯t = ν
121¯
t − ν
11¯2¯
t + 2
1−|t|2
|1−t|2
ν21¯2¯t ,
dν32¯t = ν
122¯
t + ν
11¯2¯
t ,
dν33¯t = ν
123¯
t − ν
131¯
t − ν
231¯
t + 2
1−|t|2
|1−t|2
ν232¯t + ν
11¯3¯
t + ν
12¯3¯
t − 2
1−|t|2
|1−t|2
ν22¯3¯t − ν
31¯2¯
t .
From these expressions, it is easy to check that there exists at most one more
closed (1,1)-form, and that such a form exists if and only if 1−|t|2 = |1− t|2.
Let C = {t ∈ C | |t|2 + |1 − t|2 = 1}. Note that C is a circle centered at
t = 1/2 passing through t = 0. Our discussion above shows that h1, 1BC(Xt) = 4
for all t ∈ ∆⋆ \ C, where ∆ = {t ∈ C | |t| < 1} ⊂ C, that is, the Bott-Chern
number h1, 1BC is not locally deformation constant. 
In the following result we show by means of three examples that the sGG
property of compact complex manifolds is not closed under holomorphic de-
formations. The behaviour of the holomorphic families in the three examples
is different and illustrate several possibilities for the central limit.
Proposition 7.2 There exist holomorphic families of compact complex ma-
nifolds (Xt)t∈∆ over an open disc ∆ ⊂ C about 0 such that Xt is sGG for all
t ∈ ∆ \ {0}, but X0 is not sGG.
Proof. We will describe three examples in succession.
First example. Let us consider the compact complex manifold X0 = (N, J0),
where N is the nilmanifold with underlying Lie algebra (04, 13+ 42, 14+ 23)
and J0 is the abelian structure defined by the complex structure equations
dη1 = dη2 = 0, dη3 = η11¯ + η12¯.
Since J0 is abelian, the manifold X0 is not sGG (by Theorem 6.1), and
H0,1
∂¯
(X0,C) = 〈[η
1¯]∂¯, [η
2¯]∂¯ , [η
3¯]∂¯〉. Consider a small deformation Jt given by
t
∂
∂z2
⊗ dz¯2 ∈ H
0, 1(X0, T
1,0X0),
where z2 is a complex coordinate such that η
2 = dz2. Let us consider the
basis {τ 1t = η
1, τ 2t = η
2 + t η2¯, τ 3t = η
3} of complex forms of type (1,0) with
respect to Jt. Then, for t ∈ C with |t| < 1, the complex structure equations
of the deformation are :
dτ 1t = dτ
2
t = 0, dτ
3
t = −
t¯
1 − |t|2
τ 12t + τ
11¯
t +
1
1− |t|2
τ 12¯t .
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For any t 6= 0, the complex structure is not abelian because the differential of
the (1,0)-form τ 3t has a non-zero component of bidegree (2,0), so the compact
complex manifold Xt = (N, Jt) is sGG for any t 6= 0 by Theorem 6.1.
Note that X0 admits a balanced metric by [COUV11, Proposition 7.7],
hence also an sG metric, so SGX0 6= ∅.
Second example. In [COUV11, Theorem 7.9] it is constructed a holomorphic
family of compact complex (nil)manifolds (Xt)t∈∆ over an open disc ∆ ⊂ C
about 0, where Xt is balanced for any t 6= 0 and such that the central limit
X0 is a complex nilmanifold with underlying Lie algebra (0
4, 12, 14 + 23)
endowed with an abelian complex structure J0. The complex structure on Xt
is invariant and non-abelian for any t 6= 0, so by Theorem 6.1 the compact
complex manifold Xt is sGG, but the central limit X0 is not sGG. Moreover,
it is proved in [COUV11, Proposition 7.7] that X0 is not sG, so SGX0 = ∅.
Third example. Angella and Kasuya obtain in [AK14, Proposition 4.1 (i)] a
holomorphic family of compact complex manifolds Xt over an open disc in C
about 0, satisfying the ∂∂¯-lemma for any t 6= 0 and such that the central limit
X0 is the complex-parallelisable Nakamura manifold [Nak75]. By Theorem 1.6
we conclude that X0 is not sGG because b1(X0) = 2 < 6 = 2h
0, 1
∂¯
(X0) (see
[AK14, Table 10]). Note however that the central limit X0 is balanced. 
In [Pop09, Proposition 4.1] it is proved that given a holomorphic family
of compact complex manifolds (Xt)t∈∆ over an open disc ∆ ⊂ C about 0,
if Xt satisfies the ∂∂¯-lemma for all t ∈ ∆ \ {0} then X0 is sG. However,
the central limit X0 may be neither sGG (see Third example in the proof
of Proposition 7.2) nor balanced (see [FOU14, Theorem 5.2]). Furthermore,
in the following proposition we show that in general X0 does not admit
superstrong Gauduchon metrics.
Proposition 7.3 There exists a holomorphic family of compact complex ma-
nifolds (Xt)t∈∆ over an open disc ∆ ⊂ C about 0 such that Xt satisfies the
∂∂¯-lemma for all t ∈ ∆ \ {0}, but X0 is not superstrong Gauduchon.
Proof. We consider the holomorphic family of compact complex manifolds
(Xt)t∈∆ constructed in [FOU14, Theorem 5.2], which satisfies the ∂∂¯-lemma
for all t ∈ ∆ \ {0}. The central limit of that family is X0 = (G/Γ, J0), where
G/Γ is a solvmanifold (i.e. a compact quotient of a connected and simply-
connected solvable real Lie group G by a lattice Γ of maximal rank in G)
and J0 is the invariant complex structure defined by the complex structure
equations
dη1 = 2i η13 + η33¯, dη2 = −2i η23, dη3 = 0,
where {η1, η2, η3} is a (1,0)-basis. Thus, we can apply the symmetrisation
process and proceed as in the proof of Proposition 6.4. So it suffices to show
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that there do not exist superstrong Gauduchon metrics on the underlying sol-
vable Lie algebra g. From the complex structure equations above, it is easy
to check that ∂∂¯Λ2,1(g∗) ≡ 0, which implies that any invariant superstrong
Gauduchon metric must be balanced. But this is not possible by [FOU14,
Theorem 5.2], so we conclude that X0 is not superstrong Gauduchon. (Ho-
wever, X0 is sG as pointed out in [FOU14].) 
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